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Construction of Anti-Cyclotomic Euler Systems of Abelian
Varieties Associated to X1(N)
Daeyeol Jeon, Byoung Du Kim, and Chang Heon Kim
Abstract. Let K be an imaginary quadratic field, N be a positive
integer, f(z) be a newform of level Γ1(N), and Af be the abelian variety
associated to f . For each τ ∈ K (Im τ > 0), we construct a certain point
Pτ on Af defined over an extended ring class field of K of level N . Our
construction generalizes Birch’s construction of the Heegner points to
the abelian varieties associated to modular forms of level Γ1(N) and
nontrivial character. Then, we show that Pτ ’s satisfy the distribution
and congruence relations of an Euler system, which implies that it should
be possible to apply the Euler system techniques to them to show a
relation between the non-torsionness of Pτ and the rank of Af (K).
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1. Introduction
In this paper, we present the construction of certain points on the modular
curve X1(N) (and by extension, on the abelian varieties over Q given by
irreducible quotients of J1(N)). We will argue that our points generalize
Birch’s Heegner points ([2]) (which are defined on X0(N)) in the sense that
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(like Birch’s construction) modular functions and class field theory play an
integral role in the construction, and show that they satisfy the conditions
(the distribution and congruence relations) of an Euler system.
First, we give a brief description of Birch’s construction of the Heegner
points. As is customary, we let H denote the upper-half plane, let Y0(N)
(resp. Y1(N)) denote Γ0(N)\H (resp. Γ1(N)\H), and X0(N) (resp. X1(N))
denote its compactification by the addition of cusps. Let j(τ) (τ ∈ H) denote
the modular elliptic function given by the j-invariant of Λτ = (1, τ) =
Z ·1+Z ·τ . It is well-known that (j(τ), j(Nτ)) satisfies a certain polynomial
equation PN (X,Y ) = 0, which gives an affine model over Q of Y0(N). If K
is an imaginary quadratic field, and τ ∈ K∩H, then j(τ) generates a certain
ring class field extension of K by class field theory. Birch noted that for a
carefully chosen τ , (j(τ), j(Nτ)) is a point on the affine model Y0(N)/Q over
the ring class field (thus can be considered as a point on X0(N)/Q), which
he called a Heegner point ([2]). A Heegner point can be also considered as
a point on an elliptic curve E over Q of conductor N , as we will explain
shortly.
On the other hand, the authors wanted to find an explicit way to construct
a point on X1(N) also defined over a certain ring class field extension of K.
Noting the role played by j(τ) in Birch’s construction, we looked for modular
functions that can play a similar role.
In [1], Baaziz constructed modular functions b(τ), c(τ) of level Γ1(N) (Sec-
tion 2), which are rational functions of the Weierstrass functions ℘(·; Λτ ), ℘′(·; Λτ ),
and generate the function field of X1(N). Jeon, Kim, and Lee noted ([5])
that (b(τ), c(τ)) gives an affine model (over Q) of Y1(N). The modular
functions b(τ), c(τ) seemed ideal for our purpose.
Our first goal is to define a point analogous to the Heegner points: We
define Pτ = (b(τ), c(τ)) ∈ Y1(N)(⊂ X1(N)) for any τ ∈ K, Im τ > 0.
Secondly, we find a number field over which Pτ is defined. For an order
O of K, let LO,N be the extended ring class field of level N associated to O
(see Section 2.2). We show that if O acts on Λτ , then Pτ ∈ X1(N)(LO,N )
(Corollary 2.3).
Thirdly, we show that Pτ satisfies the distribution and congruence rela-
tions of Euler systems.
Let f(z) =
∑∞
n=1 an(f)q
n (a1 = 1) be a newform of level Γ1(N) with
character ǫ (modulo N), Af be the abelian variety given by the quotient
of J1(N) divided by the ideal of the Hecke algebra generated by Tl − al(f)
(l ∤ N), Ul − al(f) (l|N), 〈l〉 − ǫ(l) ((l,N) = 1) where l runs over all primes,
and µf : X1(N) → J1(N) → Af be a modular parametrization (where the
map from X1(N) to J1(N) is given by P 7→ (P ) − (∞)). We let Pτ also
denote µf (Pτ ) ∈ Af by abuse of notation.
Suppose K = Q(
√
D) for some square-free negative integer D. Fix τK =
√
D if D 6≡ 1 (mod 4), and
√
D + 1
2
if D ≡ 1 (mod 4). For each positive
integer c prime to N , let
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τ ′ =
a+ τK
c
for an integer a ∈ Z. Then, as mentioned above, Pτ ′ is defined over LOc,N
where Oc = Z+ cOK .
Suppose p is a prime number prime to N · disc(K/Q), and let ap(f) be
the p-th Fourier coefficient of the q-expansion of f .
If (p, c) = 1, p ≡ 1 (mod N), and p is inert over K/Q, then
TrLOcp,N/LOc,N Pτ ′/p = ap(f)Pτ ′ .(1)
(See Theorem 4.2.)
On the other hand, if p|c, then
TrLOcp,N/LOc,N Pτ ′/p = ap(f)Pτ ′ − ǫ(p)Ppτ ′ .(2)
(See Theorem 4.4.)
Now, suppose p is a prime that is inert over K/Q and p ≡ 1 (mod N),
and (p, c) = 1. Let λ be any prime of LOc,N lying above p, λ
′ be any prime
of LOcp,N lying above λ, and redλ and redλ′ be reduction maps onto the
special fiber of the Néron model (over Zp) of Af . Then, we have
(p + 1) redλ′ Pτ ′/p = (Frobp+p · ǫ(p) · Frob−1p ) redλ Pτ ′(3)
= ap(f) · redλ Pτ ′
(see Theorem 4.6).
Now, let’s compare them with the conditions of Kolyvagin’s Euler system
of the Heegner points ([9] Sections 1, 3). Let Cτ denote Birch’s Heegner
point (j(τ), j(Nτ)) ∈ X0(N). Suppose f(z) is a newform of level Γ0(N)
and Af is the abelian variety associated to f(z) as in the case of X1(N)
(the most prominent case being an elliptic curve over Q). Again, we fix
a modular parametrization map µf : X0(N) → Af defined over Q which
satisfies µf (∞) = 0. By abuse of notation, we let Cτ denote µf (Cτ ) ∈ Af
as well. By Kolyvagin ([7], [8]), for each n ∈ Z(n > 0) we can choose an
appropriate τn ∈ K ∩ H so that Cτn is defined over the ring class field LOn
of the order On = Z+ nOK , and for a prime l with (l,N) = 1, if l ∤ n and l
is inert over K/Q, we have the distribution relation
TrLOnl/LOn
Cτnl = al(f)Cτn(4)
([7] Proposition 1). Although, it does not appear in Kolyvagin’s work, we
also have that if l|n,
TrLOnl/LOn
Cτnl = al(f)Cτn −Cτn/l(5)
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(see the proof of [13] Proposition 6.1 although the readers should note that
Rubin assumes al(f) = 0).
Also, where l does not divide disc(K/Q), v is any prime of K(1) above l,
and w is any prime of LOl above v, we have the congruence relation
redw(Cτl) = Frobl(redv(Cτ1))(6)
(see [7] Proposition 6, and [8] Proposition 1).
(1) is clearly analogous to (4) with the extra condition p ≡ 1 (mod N),
which we believe will not make much difference in practice. (2) is also
clearly analogous to (5). The appearance of ǫ(p) can be easily explained
by the fact that modular forms of level Γ0(N) have a trivial character.
(2) should be what Rubin calls the distribution relation in the p-direction
([17] Remark 2.1.5), and (as Rubin points out) we believe that it can replace
the congruence relations in the Euler system techniques. Also it should be
noted that (2) indicates a natural connection with Iwasawa Theory.
The main goal of an Euler system is to obtain a sharp bound for the ranks
of Af . For example, Kolyvagin showed that if f is a newform of level Γ0(N)
and NK(1)/KC1(∈ Af (K)) is not torsion, then rankAf (K) = 1. We believe
that we can apply the techniques of Euler systems to {P(a+τ)/c}, and obtain
a similar result for Af (K) where f is a newform of level Γ1(N) (and a more
general result in the direction of Iwasawa Theory), and we are hopeful that
such a result will be in our subsequent publication.
Remark 1.1. There are also Kato’s Euler systems ([6]) defined on J(N).
We note that his Euler systems are “the Euler systems over the cyclotomic
fields” whereas our Euler system (as well as the Euler system of the Heeg-
ner points) are “the Euler systems over anti-cyclotomic fields.” They are
different in the definition, construction, and application.
2. Preliminaries
2.1. Modular functions b(τ) and c(τ).
Let Γ = SL2(Z) be the full modular group, and for any N ≥ 1, Γ(N),
Γ1(N), and Γ0(N) be the standard congruence groups. Let Y1(N)/Q be
the affine curve over Q of the moduli schemes of the isomorphism classes
of elliptic curves E with an N -torsion point. As well-known, Y1(N)C is
(isomorphic to) (Y1(N)/Q ⊗ C)an.
More explicitly, this isomorphism is given by the following: Let Λτ =
(τ, 1) be the lattice in C with basis τ and 1. Then, the above-mentioned
isomorphism (of analytic curves between Y1(N)C and (Y1(N)/Q ⊗ C)an) is
given by
τ 7→
(
C/Λτ ,
1
N
+ Λτ
)
.
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The Tate normal form of an elliptic curve with point P = (0, 0) is as
follows:
E = E(b, c) : Y 2 + (1− c)XY − bY = X3 − bX2,
and this is nonsingular if and only if b 6= 0. On the curve E(b, c) we have
the following by the chord-tangent method:
P = (0, 0),
2P = (b, bc),
3P = (c, b− c),
4P =
(
b(b− c)
c2
, −b
2(b− c− c2)
c3
)
,(7)
5P =
(
−bc(b− c− c
2)
(b− c)2 ,
bc2(b2 − bc− c3)
(b− c)3
)
,
6P =
(
(b− c)(b2 − bc− c3)
(b− c− c2)2 ,
c(2b2 − 3bc− bc2 + c2)(b− c)2
(b− c− c2)3
)
.
In fact, the condition NP = O in E(b, c) gives a defining equation for
X1(N). For example, 11P = O implies 5P = −6P , so
x5P = x−6P = x6P ,
where xnP denotes the x-coordinate of the n-multiple nP of P . Eq. (7)
implies that
(8) − bc(b− c− c
2)
(b− c)2 =
(b− c)(b2 − bc− c3)
(b− c− c2)2 .
Without loss of generality, the cases b = c and b = c+ c2 may be excluded.
Then Eq. (8) becomes as follows:
−b2c3 − 6bc5 + 3b3c2 + 9b2c4 − 3bc6 − 3b4c− 4b3c3 + 3b2c5 − bc7 + c6 + b5 = 0,
which is one of the equation X1(11) called the raw form of X1(11). By the
coordinate changes b = (1 − x)xy(1 + xy) and c = (1 − x)xy, we get the
following equation:
f(x, y) := y2 + (x2 + 1)y + x = 0.
Now we note that(
C/Λτ ,
1
N
+ Λτ
)
=
(
y2 = 4x3 − g2(τ)x− g3(τ),
(
℘
(
1
N
; Λτ
)
, ℘′
(
1
N
; Λτ
)))
=
(
y2 + (1− c(τ))xy − b(τ)y = x3 − b(τ)x2, (0, 0)
)
,
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where ℘(z; Λτ ) is the Weierstrass elliptic function of the period Λτ . From
[1], it follows that
(9) b(τ) = −(℘(
1
N ; Λτ )− ℘( 2N ; Λτ ))3
℘′( 1N ; Λτ )
2
, c(τ) = −℘
′( 2N ; Λτ )
℘′( 1N ; Λτ )
are modular functions on Γ1(N) and generate the function field of X1(N),
where the derivative ℘′ is with respect to z.
2.2. Field of definitions of b(τ) and c(τ) for a CM-points τ . Let FN be
the extension of the function field Q(j(τ)) generated by the Fricke functions
indexed by r ∈ 1NZ2/Z2 (see [10] Section 4), where j(τ) is the modular
invariant function. By the theory of modular functions, it is known that
FN is the set of all functions in C(X(N)) whose Fourier coefficients are in
Q(ζN ), F1 is simply Q(j(τ)), and
Gal(FN/F1) ∼= GL2(Z/NZ)/{±I2} ∼= GN · SL2(Z/NZ)/{±I2}
where
GN =
{[
1 0
0 d
] ∣∣∣∣ d ∈ (Z/NZ)∗
}
.
The functions b(τ), c(τ) have their Fourier coefficients in Q(ζN ), and they
are contained in FN .
Definition 2.1.
Pτ = (b(τ), c(τ)) ∈ X1(N).
Let O be an order of conductor c in an imaginary quadratic field K. The
ring class field ofO, denoted by LO, is determined via the Existence Theorem
of class field theory [4, Theorem 8.6] by the subgroup PK,Z(c) ⊂ IK(c)
generated by principal ideals αOK ∈ IK(c) where α ≡ a mod cOK for
some a ∈ Z. Here IK(c) denotes the group of all fractional ideals relatively
prime to c. This implies that
Gal(LO/K) ∼= IK(c)/PK,Z(c) ∼= C(O),
where C(O) is the class group of O. Following [3] we define
PK,Z,N(cN) ⊂ IK(cN)
to be the subgroup generated by the principal ideals αOK ∈ IK(cN) where
α ∈ OK satisfies
α ≡ a mod cNOK for some a ∈ Z with a ≡ 1 mod N.
It then follows from the Existence Theorem that there exists an extension
LO,N called the extended ring class field of level N , with Galois group
Gal(LO,N/K) ∼= IK(cN)/PK,Z,N (cN).
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We note that LO,1 = LO and LO,N is a Galois extension of LO. In particular,
if O = OK , then LO,N is equal to the ray class field K(N).
A point τ ∈ K ∩H is a root of ax2+ bx+ c where a, b, c ∈ Z are relatively
prime with a > 0. Then the lattice Lτ = [1, τ ] is a proper ideal for the order
O = [1, aτ ] (see [4, Theorem 7.7]). As a consequence of Shimura reciprocity
we have the following theorem.
Theorem 2.2. [4, Theorem 15.16] Fix τ ∈ K ∩ H and O as above and
assume that f(τ) is well-defined for a modular function f ∈ FN . Then
f(τ) ∈ LO,N .
Thus we have the following immediate corollary.
Corollary 2.3. Fix τ ∈ K ∩ H and O as above and assume that b(τ), c(τ)
are defined. Then b(τ), c(τ) ∈ LO,N and therefore the point Pτ is defined
over LO,N .
Proof. This immediately follows from Theorem 2.2 because b(τ), c(τ) ∈ FN .

3. The Main Theorem of Complex Multiplication, and the
action of the Galois groups on Pτ
In this section, we apply Shimura’s theory of complex multiplication to
Pτ to study the action of the Galois groups of extended ring class fields, and
in particular, we find the field of definition of Pτ by other means.
As before, the lattice (α,α′) denotes Zα+ Zα′.
The following is from [18] Section 5.2 and Section 5.3.
Suppose Λ is an arbitrary Z-lattice in K. For each rational prime p, let
Kp = K⊗QQp and Λp = Λ⊗Z Zp (so that AK =
∏
pKp). It is worth noting
that if p splits completely over K/Q (so that pOK = pp¯), thenKp = Kp×Kp¯.
For any x ∈ A∗K , we may speak of the p-component xp of x belonging
to K∗p . (In other words, if p is inert, xp ∈ K∗pOK , if p splits completely,
xp = (xp, xp¯) ∈ K∗p ×K∗p¯ , and if p is ramified, xp ∈ K∗p for the unique prime
p of OK above p.)
We observe that xpΛp is a Zp-lattice in Kp. It is well-known that there
exists a Z-lattice Λ′ in K such that Λ′p = xpΛp for every p ([18] page 116).
Then, we define
xΛ
def
= Λ′.
The isomorphism x : K/Λ
×x→ K/xΛ is given as follows: Since Q/Z =∏
pQp/Zp canonically, we have the canonical decompositionK/Λ =
∏
pKp/Λp.
There is a well-defined isomorphism given by multiplication xp : Kp/Λp
×xp→
8 DAEYEOL JEON, BYOUNG DU KIM, AND CHANG HEON KIM
Kp/xpΛp for each prime p. Combining them for all p, we obtain an iso-
morphism x : K/Λ → K/xΛ. In other words, x : K/Λ → K/xΛ is an iso-
morphism which makes the following diagram commutative for every prime
p:
Kp/Λp
xp−→ Kp/xpΛp
↓ ↓
K/Λ
x−→ K/xΛ.
The following is by Shimura, et. al.
Theorem 3.1 (Main Theorem of Complex Multiplication, [18] Chapter 5
Theorem 5.4.). Recall that K is an imaginary quadratic field. Let Λ ⊂ K be
a lattice in K, σ be an automorphism of C invariant on K (in other words,
a K-automorphism of C), s be an element of A×K so that σ|Kab = [s,K], and
E be an elliptic curve so that there is an analytic isomorphism ξ : C/Λ→ E.
Then, there is an isomorphism ξ′ : C/s−1Λ → Eσ so that the following is
commutative:
K/Λ
ξ→ Etors
s−1 ↓ ↓ σ
K/s−1Λ
ξ′→ Eσtors.
(ξ′ is uniquely determined by the above property once ξ is fixed.)
Note that the precise definition of s−1Λ is given above.
As before, we let Pτ = (b(τ), c(τ)) for τ ∈ K ∩H, and Λτ = (1, τ).
For any lattice Λ in K we have the standard invariants
G2n(Λ) =
∑
ω∈Λ,ω 6=0
ω−2n, g2(Λ) = 60 ·G4(Λ), g3(Λ) = 140 ·G6(Λ).
Suppose Eτ is the elliptic curve given by the Weierstrass equation
y2 = 4x3 − g2(Λτ )x− g3(Λτ )
so that there is an (analytic) isomorphism
ξ : C/Λτ → Eτ
z 7→ (℘(z; Λτ ), ℘′(z; Λτ )).
As in Theorem 3.1, σ is any automorphism of C invariant on K, and
s ∈ A×K satisfies [s,K] = σ|Kab . By Theorem 3.1, there is an (analytic)
isomorphism ξ′ : C/s−1Λτ → Eστ such that the diagram in Theorem 3.1
commutes. As well-known, there is a lattice Λ′ = (ω′1, ω
′
2) in K such that
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g2(Λτ )
σ = g2(Λ
′), g3(Λτ )
σ = g3(Λ
′),
and
ξ′′ : C/Λ′ → Eστ
z 7→ (℘(z; Λ′), ℘′(z; Λ′))
is an analytic isomorphism. Then, the composite map C/s−1Λτ
ξ′−→ Eστ
ξ′′−1−→
C/Λ′ is an analytic isomorphism, which is given by
C/s−1Λτ
×λ−→ C/Λ′
for some λ ∈ C∗ (implying Λ′ = λ · s−1Λτ ). In other words,
ξ′(z) = ξ′′(λ · z)
for z ∈ C/s−1Λτ .
Therefore, for any u ∈ K/Λτ ,
℘(u; Λτ )
σ = ℘(λ · s−1u;λ · s−1Λτ ),(10) (
℘′(u; Λτ )
)σ
= ℘′(λ · s−1u;λ · s−1Λτ ).(11)
Suppose N · OK =
∏k
i=1 v
ni
i (ni > 0) for some primes v1, · · · , vk of OK .
Suppose an order Oc = Z + cOK acts on Λτ for some c ∈ Z(c > 0) with
(c,N) = 1.
Suppose σ is identity on LOc . Since Gal(LOc/K)
∼= A∗K/K∗
∏
vO∗c,v,
s ∈ A∗K satisfying [s,K] = σ|Kab should be indeed s ∈ K∗
∏
v O∗c,v.
Write s = µ[· · · , av, · · · ]v where µ ∈ K∗ and av ∈ O∗c,v for each place
v of K. By the Chinese remainder theorem, there is B ∈ OK so that
B ≡ (cavi)−1 (mod vnii ) for every i = 1, · · · , k. Let C = cB. Then, C ∈
cOK ⊂ Oc, and naturally, C ≡ a−1vi (mod vnii ).
Then, we have the following formula for the action of σ on Pτ .
Proposition 3.2. For an LOc-automorphism σ of C, and C defined above,
we have
b(τ)σ = −
(
℘(C
1
N
; Λτ )− ℘(C 2
N
; Λτ )
)3
℘′(C
1
N
; Λτ )
2
,
c(τ)σ = −
℘′(C
2
N
; Λτ )
2
℘′(C
1
N
; Λτ )
2
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Proof. Since we assume av ∈ O∗c,v for each place v, a−1v Zl(1, τ) = Zl(1, τ).
Therefore, [· · · , av, · · · ]−1Λτ = Λτ , and s−1Λτ = µ−1Λτ .
If l is a prime, and l ∤ N , then 1N ∈ Zl, thus 1N ≡ 0 modulo Zl(1, τ). Since
av ∈ O∗c,v for each v,
∏
v|l a
−1
v
1
N ∈ Λτ ⊗Zl, and since C ∈ Oc, C 1N ∈ Λτ ⊗Zl.
In other words, a−1v
1
N ≡ C 1N ≡ 0 modulo Λτ ⊗ Zl.
If l|N and v|l for a prime l (i.e., v = vi for some i = 1, · · · , k), by
construction C ≡ a−1vi (mod vnii ), thus C ≡ a−1vi (mod NOKvi ). In other
words, a−1vi
1
N − C 1N ∈ OKvi . Since Oc ⊂ Λτ and Oc,vi = OKvi (because
(c,N) = 1), a−1vi
1
N − C 1N ∈ Λτ ⊗ Zl. In other words, a−1vi 1N ≡ C 1N modulo
Λτ ⊗ Zl.
Combined we have C 1N = [· · · , av , · · · ]−1 1N (mod Λτ ).
Then, by (10) and (11),
℘(
1
N
; Λτ )
σ = ℘(λ · s−1 1
N
;λ · s−1Λτ ),
= ℘(λ · µ−1C 1
N
;λ · µ−1Λτ ),
(
℘′(
1
N
; Λτ )
)σ
= ℘′(λ · s−1 1
N
;λ · s−1Λτ )
= ℘′(λ · µ−1C 1
N
;λ · µ−1Λτ ).
Thus, we have
b(τ)σ = −
(
℘(λ · µ−1C 1
N
;λ · µ−1Λτ )− ℘(λ · µ−1C 2
N
;λ · µ−1Λτ )
)3
℘′(λ · µ−1C 1
N
;λ · µ−1Λτ )2
.
By noting ℘(λµ−1z;λµ−1Λ) = (λµ−1)−2℘(z; Λ) and ℘′(λµ−1z, λµ−1Λ) =
(λµ−1)−3℘′(z; Λ), we obtain our claim.
The case for c(τ)σ is similar. 
Furthermore, suppose σ is identity on LOc,N (assuming (c,N) = 1).
Since Gal(LOc,N/K)
∼= A∗K/K∗
∏
v∤N O∗c,v
∏k
i=1 1 + v
ni
i , we can choose s =
µ[· · · , av , · · · ]v so that avi ≡ 1 (mod vnii ) for i = 1, · · · , k, thus we can
choose C which satisfies C ≡ 1 (mod N). Thus by Proposition 3.2, we have
b(τ)σ = b(τ), c(τ)σ = c(τ).
Therefore, Pτ is defined over LOc,N .
4. Euler systems
4.1. Hecke operators.
Euler Systems of X1(N) 11
Recall that we let (α,α′) denote Zα + Zα′. Also, we will let Zp(α,α
′)
denote Zp · α+ Zp · α′. We recall that a point on X1(N)/Q ⊗ C is given by
(E,P ) where E is a generalized elliptic curve over C, and P ∈ E[N ]. For
simplicity, let (E,P ) also denote the divisor (E,P ) ∈ DivX1(N). First, we
note that for a prime p (p ∤ N), Tp acts on DivX1(N) by
Tp : (E,P ) 7→
∑
C
(E/C,P ′)
where C runs over all cyclic subgroups of E[p] of order p (there are p + 1
such subgroups), and P ′ is the image of P under E → E/C (see [19] page 5).
In particular, when (E,P ) = (C/Λτ , 1/N),
Tp(E,P ) =
p−1∑
j=0
(C/Λ τ+j
p
, 1/N) + C/(1/p, τ), 1/N).
As in Section 3, write
N =
k∏
i=1
vnii
for prime ideals vi of OK and integers ni > 0. We recall from Section 2.2 that
when O is an order of K of conductor c (i.e., O = Z+cOK) with (c,N) = 1,
LO,N is the extended ring class field of level N which is characterized by
Gal(LO,N/K) ∼= IK(cN)/PK,Z,N (cN)
∼= A∗K/K∗
∏
v∤N
O∗v
∏
i
(1 + vnii ).
Let f(z) =
∑
anq
n be a (standardized) newform of level Γ1(N) and
character ǫ (mod N), and µf : X1(N) → J1(N) → Af be a modular
parametrization map where the first map is given by P 7→ (P ) − (∞) for
any P ∈ X1(N), and Af is the quotient of J1(N) given in the standard way
associated to f .
Notation 4.1. Suppose Pτ ∈ X1(N)(L) for some extension L of K. We let
Pτ also denote the image µf (Pτ ) ∈ Af (L).
4.2. Distribution relations.
Recall that K = Q(
√
D) where D is a square-free negative integer. Let
τ =


√
D if D 6≡ 1 (mod 4)√
D + 1
2
if D ≡ 1 (mod 4)
Suppose c is a positive integer prime to N , and let
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τ ′ =
a+ τ
c
where a, c ∈ Z. We note that Oc = Z + cOK acts on (1, τ ′). As shown in
Corollary 2.3 (and also in Section 3), Pτ ′ ∈ LOc,N .
4.2.1. Proof when p is prime to the conductor.
Theorem 4.2. Suppose p is a prime number, (c, pN) = 1, p ≡ 1 (mod N),
and p is unramified and inert over K/Q. Then,
TrLOcp,N/LOc,N Pτ ′/p = ap(f)Pτ ′ .
(Pτ ′/p can be replaced by P(τ ′+j)/p for any j ∈ Z, or Ppτ ′).
Proof. Recall
Tp
(
C/Λτ ′ ,
1
N
)
=
p−1∑
j=0
(
C/Λ τ ′+j
p
,
1
N
)
+
(
C/(
1
p
, τ ′),
1
N
)
=
p−1∑
j=0
(
C/Λ τ ′+j
p
,
1
N
)
+
(
C/(1, pτ ′),
p
N
)
=
p−1∑
j=0
(
C/Λ τ ′+j
p
,
1
N
)
+
(
C/(1, pτ ′),
1
N
)
(the last equality because p ≡ 1 (mod N)).
For any prime l(6= p) and integer j,
Zl(1,
τ ′ + j
p
) = Zl(1, τ
′ + j) = Zl(1, τ
′) = Zl(
1
p
, τ ′).
On the other hand,
Zp(1,
τ ′ + j
p
) = Zp(1,
a+ cj + τ
c
p
)
= (a+ cj + τ) · Zp( 1
a+ cj + τ
,
1
cp
)
= (a+ cj + τ) · Zp( a+ cj + τ¯
NK/Q(a+ cj + τ)
,
1
p
).
Case 1. D 6≡ 1 (mod 4).
First, note
a+ cj + τ¯
NK/Q(a+ cj + τ)
=
a+ cj − τ
(a+ cj)2 −D.
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Since p is unramified and inert over K/Q, (a + cj)2 − D 6≡ 0 (mod p) for
any a+ cj. Thus,
Zp(
a+ cj + τ¯
NK/Q(a+ cj + τ)
,
1
p
) = Zp(a+ cj − τ, 1
p
)
= Zp(τ,
1
p
).
Case 2. D ≡ 1 (mod 4).
a+ cj + τ¯
NK/Q(a+ cj + τ)
=
(a+ cj) + (−τ + 1)
(a+ cj)2 + (a+ cj) +
1−D
4
.
For a reason similar to the above, (a+ cj)2+ (a+ cj) +
1−D
4
6≡ 0 (mod p)
for any a+ cj. Thus,
Zp(
a+ cj + τ¯
NK/Q(a+ cj + τ)
,
1
p
) = Zp((a+ cj) + (−τ + 1), 1
p
)
= Zp(τ,
1
p
).
In either case,
Zp(1,
τ ′ + j
p
) = (a+ cj + τ) · Zp( a+ cj + τ¯
NK/Q(a+ cj + τ)
,
1
p
)
= (a+ cj + τ) · Zp(τ, 1
p
),
and since (c, p) = 1,
Zp(τ,
1
p
) = Zp(
a+ τ
c
,
1
p
) = Zp(τ
′,
1
p
).
For each j ∈ Z, let
sj = (1, 1, · · · , a+ cj + τ, 1, · · · ) ∈ A∗K
where a+cj+τ ∈ O∗Kp is the p-component. We note sj ∈
∏
v∤N O∗c,v
∏
i 1+v
ni
i
(because all components of sj are 1 except for the p-component, and Oc,p =
OKp and a+ cj + τ ∈ O∗Kp). So far, we have shown
(1,
τ ′ + j
p
) = sj · (1
p
, τ ′).
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Lemma 4.3. (a) sj
1
N
=
1
N
where
1
N
on the left is considered an element
of K/(1p , τ
′), and the one on the right an element of K/Λ τ ′+j
p
.
(b) {a+ cj + τ}j=0,1,··· ,p−1 ∪ {1} = O∗c,p/O∗cp,p(∼= O∗Kp/(Zp + pOKp)∗).
(c) Consequently, {[sj ,K]|LOcp,N } ∪ {id} = Gal(LOcp,N/LOc,N ).
Proof. (a) Simply because for every v|N , v-entry of sj is 1, and for every
l ∤ N , 1N ∈ Zl.
(b) By brute force, show the elements of the lefthand side are all distinct
modulo (Zp + pOK,p)∗. Since the righthand side has p+ 1 elements, we
obtain our claim.
(c) Because Gal(LOcp,N/LOc,N )
∼= O∗c,p/O∗cp,p.

Now, choose σj ∈ Aut(C) so that σj |Kab = [sj ,K] for j = 0, 1, · · · , p− 1.
Recall
Pτ ′ = (b(τ
′), c(τ ′))
where
b(τ ′) = −
(℘(
1
N
; Λτ ′)− ℘( 2
N
; Λτ ′))
3
℘′(
1
N
; Λτ ′)
2
,
c(τ ′) = −
℘′(
2
N
; Λτ ′)
℘′(
1
N
; Λτ ′)
.
As noted earlier,
TpPτ ′ =
p−1∑
j=0
P τ ′+j
p
+ Ppτ ′
as divisors on X1(N).
Suppose Epτ ′ : y
2 = 4x3 − g2x− g3 with g2 = g2((1
p
, τ ′)), g3 = g3((
1
p
, τ ′)),
and ϕ be the following analytic isomorphism:
C/(
1
p
, τ ′) → Epτ ′
z 7→
(
℘(z; (
1
p
, τ ′)), ℘′(z; (
1
p
, τ ′))
)
.
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By Theorem 3.1, there is an analytic isomorphism ψ : C/sj · (1
p
, τ ′) →
E
σ−1j
pτ ′ so that the following diagram is commutative:
K/(
1
p
, τ ′)
ϕ−→ (Epτ ′)tor
×sj ↓ ↓ σ−1j
K/sj · (1
p
, τ ′)
ψ−→ (Eσ
−1
j
pτ ′ )tor
Similar to the argument in Section 3, there is some x ∈ C∗ so that ψ is
the composite map
ψ : C/sj · (1
p
, τ ′)
×x−→ C/x · sj · (1
p
, τ ′)
(℘,℘′)−→ Eσ
−1
j
pτ ′ .
Recall sj · (1
p
, τ ′) = Λ τ ′+j
p
(see the discussion before Lemma 4.3), and
sj · 1
N
=
1
N
(Lemma 4.3 (a)). By substituting these into b(·) and c(·), we
have
b(
τ ′ + j
p
) = −
(℘(sj · 1
N
; sj · (1
p
, τ ′))− ℘(sj · 2
N
; sj · (1
p
, τ ′)))3
℘′(sj · 1
N
; sj · (1
p
, τ ′))2
which is equal to
−
(℘(x · sj · 1
N
;x · sj · (1
p
, τ ′))− ℘(x · sj · 2
N
;x · sj · (1
p
, τ ′)))3
℘′(x · sj · 1
N
;x · sj · (1
p
, τ ′))2
because ℘(xz;xΛ) = x−2℘(z; Λ), ℘′(xz;xΛ) = x−3℘′(z; Λ). By the above
commutative diagram, this is equal to

−
(℘(
1
N
; (
1
p
, τ ′))− ℘( 2
N
; (
1
p
, τ ′)))3
℘′(
1
N
; (
1
p
, τ ′))2


σ−1j
=

−(℘(
p
N
; Λpτ ′)− ℘(2p
N
; Λpτ ′))
3
℘′(
p
N
; Λpτ ′)
2


σ−1j
= b(pτ ′)σ
−1
j .
(The last equality is because p ≡ 1 (mod N).)
Similarly, c(
τ ′ + j
p
) = c(pτ ′)σ
−1
j .
Thus, P
σ−1j
pτ ′ = P τ ′+j
p
, which shows
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Tp(Pτ ′) =
p−1∑
j=0
(Ppτ ′)
σ−1j + (Ppτ ′) = TrLOcp,N/LOc,N (Ppτ ′)(12)
(as divisors) by Lemma 4.3 and by the assumption that σj|LOcp,N = [sj , LOcp,N/K].
Since Tp acts as multiplication by ap(f) on the abelian variety Af , and since
Gal(LOcp,N/LOc,N ) acts transitively on
{
P τ ′+j
p
}
∪ {Ppτ ′}, we obtain Theo-
rem 4.2. 
4.2.2. Proof when p divides the conductor.
Theorem 4.4. Suppose p is a prime number such that p|c and p ∤ N disc(K/Q).
Then,
TrLOcp,N/LOc,N Pτ ′/p = ap(f)Pτ ′ − ǫ(p)Ppτ ′ .
(Pτ ′/p can be replaced by P(τ ′+j)/p for any j ∈ Z) where ǫ is the (Nebentypus)
character of f .
Proof. Similar to Theorem 4.2, we have the following equality of divisors:
Tp
(
C/Λτ ′ ,
1
N
)
=
p−1∑
j=0
(
C/Λ τ ′+j
p
,
1
N
)
+
(
C/(1, pτ ′),
p
N
)
=
p−1∑
j=0
(
C/Λ τ ′+j
p
,
1
N
)
+ 〈p〉
(
C/(1, pτ ′),
1
N
)
where 〈·〉 is the diamond operator (for the action of 〈·〉, see [19] Section 2).
Similar to Theorem 4.2, for any prime l(6= p) and integer j,
Zl(1,
τ ′ + j
p
) = Zl(1, τ
′) = Zl(1,
τ ′
p
).
When l = p, we note
Zp(1,
τ ′ + j
p
) = Zp(1,
a+ cj + τ
cp
).
Now, we have
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τ ′ + j
p
τ ′
p
=
(a+ cj) + τ
a+ τ
=
[(a+ cj) + τ ][a+ τ¯ ]
NK/Q(a+ τ)
.
We consider
τ ′+j
p
τ ′
p
to be an element of K ⊗ Qp (and in an appropriate
context, the p-component of the adele A∗K). In other words, if p is inert, it is
an element of Kp, and if p splits completely so that pOK = pp¯, an element
of Kp ×Kp¯. Similarly, Zp(1, τ
′+j
p ) is considered a lattice inside K ⊗Qp.
Case 1. D 6≡ 1 (mod 4).
By simple computation,
τ ′+j
p
τ ′
p
=
[(a+ cj) + τ ][a+ τ¯ ]
NK/Q(a+ τ)
=
(a2 −D + acj) − cjτ
a2 −D
= 1 +
ac
a2 −Dj −
c
a2 −Djτ
= 1 +
ac
a2 −Dj −
c
a2 −Dj(cτ
′ − a)
= 1 +
2ac
a2 −Dj −
c2
a2 −Djτ
′
Noting a2 −D 6≡ 0 (mod p), it follows that
τ ′+j
p
τ ′
p
Zp(1,
τ ′
p
) = Zp(1 +
2ac
a2 −Dj −
c2
a2 −Djτ
′,
τ ′ + j
p
)
= Zp(1 +
2ac
a2 −Dj −
c2
a2 −Djτ
′ + (
c2p
a2 −Dj) · (
τ ′ + j
p
),
τ ′ + j
p
)
= Zp(1 +
2ac
a2 −Dj +
c2j2
a2 −D,
τ ′ + j
p
)
= Zp(1,
τ ′ + j
p
)
(the last line because p|c and p ∤ a2 −D).
Noting
τ ′ + j
τ ′
= 1+
ac
a2 −Dj −
c
a2 −Djτ as shown above, what we have
shown is equivalent to
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(1 +
ac
a2 −Dj −
c
a2 −Djτ)Zp(1,
τ ′
p
) = Zp(1,
τ ′ + j
p
).
Case 2. D ≡ 1 (mod 4).
Note
NK/Q(a+ τ) = a
2 + a+
1−D
4
6≡ 0 (mod p).
[(a+ cj) + τ ][a + τ¯ ] = a(a+ cj) +
1−D
4
+ aτ + (a+ cj)τ¯
= a2 + acj +
1−D
4
+ aτ + (a+ cj)(1 − τ)
= (a2 + acj +
1−D
4
+ a+ cj) − cjτ
So, similar to Case 1,
τ ′+j
p
τ ′
p
=
(a2 + acj + 1−D4 + a+ cj) − cjτ
a2 + a+ 1−D4
= 1 +
acj + cj
a2 + a+ 1−D4
− cj
a2 + a+ 1−D4
τ
= 1 +
acj + cj
a2 + a+ 1−D4
− cj
a2 + a+ 1−D4
(cτ ′ − a)
= 1 +
2acj + cj
a2 + a+ 1−D4
− c
2j
a2 + a+ 1−D4
τ ′,
thus
τ ′ + j
τ ′
· Zp(1, τ
′
p
) = Zp(1 +
2acj + cj
a2 + a+ 1−D4
− c
2j
a2 + a+ 1−D4
τ ′,
τ ′ + j
p
)
= Zp(1 +
2acj + cj + c2j2
a2 + a+ 1−D4
,
τ ′ + j
p
)
= Zp(1,
τ ′ + j
p
)
(the last line because
2acj + cj + c2j2
a2 + a+
1−D
4
≡ 0 (mod p)).
Noting
τ ′ + j
τ ′
= 1+
acj + cj
a2 + a+ 1−D4
− cj
a2 + a+ 1−D4
τ as shown above, what
we have shown is equivalent to
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(
1 +
acj + cj
a2 + a+ 1−D4
− cj
a2 + a+ 1−D4
τ
)
· Zp(1, τ
′
p
) = Zp(1,
τ ′ + j
p
)
for each j ∈ Z.
Let sj = (1, 1, · · · , τ
′ + j
τ ′
, 1, · · · ) ∈ A∗K for j = 0, 1, · · · , p − 1 where τ
′+j
τ ′
is the p-component. We have shown that in both Case 1 and Case 2,
sjΛ τ ′
p
= Λ τ ′+j
p
.
We note that in both Case 1 and Case 2,
τ ′ + j
τ ′
∈ 1 + c(OK ⊗ Zp) ⊂ (Oc ⊗ Zp)∗,
which implies sj ∈
∏
v∤N O∗c,v
∏
i 1 + v
ni
i .
Lemma 4.5. (a) sj
1
N
=
1
N
where
1
N
on the left is in K/Λ τ ′
p
, and the one
on the right in K/Λ τ ′+j
p
.
(b) {τ
′ + j
τ ′
}j=0,1,··· ,p−1 ∼= ((Oc)⊗ Zp)∗/((Ocp)⊗ Zp)∗.
(c) Consequently, {[sj ,K]|LOcp,N }j=0,1,··· ,p−1 = Gal(LOcp,N/LOc,N ).
Proof. Similar to Lemma 4.3 except for (b). As for (b), first suppose pn ‖ c.
We show that for any A,B ∈ Zp ((B, p) = 1), 1 + Apnj + Bpnjτ for j =
0, 1, · · · , p− 1 are all distinct modulo
(
Opn+1 ⊗ Zp
)∗
, and thus {1+Apnj +
Bpnjτ}j=0,1,··· ,p−1 = (Opn ⊗ Zp)∗/(Opn+1 ⊗ Zp)∗ by noting that both sides
have the same number of elements. 
Now, choose σj ∈ Aut(C) so that σj |Kab = [sj ,K] for j = 0, 1, · · · , p− 1.
Similar to Theorem 4.2,
b(
τ ′ + j
p
) = b(
τ ′
p
)σ
−1
j
c(
τ ′ + j
p
) = c(
τ ′
p
)σ
−1
j
Thus, P
σ−1j
τ ′
p
= P τ ′+j
p
, which shows
Tp(Pτ ′) =
p−1∑
j=0
(P τ ′
p
)σ
−1
j + 〈p〉(Ppτ ′) = TrLOcp,N/LOc,N (P τ ′
p
) + 〈p〉(Ppτ ′).
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Since Tp acts as multiplication by ap(f) on the abelian variety Af , 〈p〉 as mul-
tiplication by ǫ(p), and Gal(LOcp,N/LOc,N ) acts transitively on {P τ ′+j
p
}j=0,··· ,p−1,
we obtain Theorem 4.4. 
4.3. Congruence Relations.
Where L is a local field of residue characteristic p which is prime to N , ν
is the maximal ideal of OL, F is OL/ν, and A is the Néron model of Af over
Zp (which exists because (p,N) = 1), we note that there is the standard
reduction map redν : Af (L) → A/Fp(F). Also let J/Fp denote the fiber of
the Néron model of J1(N)/Q over Zp (which exists because (p,N) = 1).
Recall that τ =
√
D if D 6≡ 1 (mod 4), and (√D+1)/2 if D ≡ 1 (mod 4),
and τ ′ =
a+ τ
c
with (c,N) = 1.
Theorem 4.6. Suppose p is a prime that is inert over K/Q, p ≡ 1 (mod N),
and (p, c) = 1. Let λ be any prime of LOc,N lying above p, and λ
′ be any
prime of LOcp,N lying above λ. Then, we have
(p+ 1) redλ′ Pτ ′/p = (Frobp+p · ǫ(p) · Frob−1p ) redλ Pτ ′ = ap(f) redλ Pτ ′ .
Remark 4.7. As we will see in the proof, Pτ ′/p can be replaced by P(τ ′+j)/p
for any j ∈ Z, or Ppτ ′ .
We state Theorem 4.6 with Frobp+p · ǫ(p) · Frob−1p to make it appear
similar to Kolyvagin’s congruence relation ((6) in Section 1), but in practice,
the statement with ap(f) redλ Pτ ′ might be more suitable.
Proof. As we see in the proof of Theorem 4.2 (see (12)),
Tp(Pτ ′) = TrLOcp,N/LOc,N (Ppτ ′).
As noted in Theorem 4.2, Ppτ ′ can be replaced by P(τ ′+j)/p for any j ∈ Z
because they are transitive under the action of Gal(LOcp,N/LOc,N ). To be
consistent with the notation in the theorem, we replace Ppτ ′ with Pτ ′/p.
Our condition implies that (p) splits completely over LOc,N/K, and λ
′
is totally ramified over LOcp,N/LOc,N (therefore OLOcp,N /λ′ ∼= OLOc,N /λ ∼=
OK/(p)). Thus, every σ ∈ Gal(LOcp,N/LOc,N ) is the identity modulo λ′.
Hence,
redλ Tp(Pτ ′) = (p+ 1) redλ′ Pτ ′/p.
On the other hand, by the Eichler-Shimura relation,
Tp = Frobp+〈p〉Verp
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as action on J/Fp . Here Frobp is the Frobenius and Verp is the Verschiebung
of the group scheme J/Fp ([19] Section 4, (4.1)). We recall that 〈p〉 acts as
multiplication by ǫ(p) as an action on A/Fp.
By recalling that Verp is characterized by FrobpVerp = Verp Frobp = p,
we obtain
(p+ 1) redλ′ Pτ ′/p = (Frobp+p · ǫ(p) · Frob−1p ) redλ Pτ ′ .
(We may consider Frobp as an automorphism of finite fields.) Thus, we
obtain the first part of our equation.
Then, note the standard result Frobp+p · ǫ(p) · Frob−1p = ap(f) on A/Fp .
(Or, we can simply argue that Tp acts as multiplication by ap as an action
on A/Fp .) Thus, we also obtain the second part of the equation. 
In his original work, Kolyvagin does not make any use of the second
distribution relation (5) (see Section 1), which in fact does not seem to
appear in his work. This relation is what Rubin calls the distribution relation
in the p-direction. Instead, he uses congruence relations.
Rubin points out ([16], and [17] Remark 2.1.5, and also Section 4.8) that
the congruence relations are often unnecessary, or can be derived from other
distribution relations if “the Euler system satisfies distribution relations in
the p-direction” (such as (2) in Section 1, which is Theorem 4.4).
On the other hand, suppose one insists on using a congruence relation.
Theorem 4.6 has a more restrictive condition that p is inert over K/Q and
p ≡ 1 (mod N) (whereas Kolyvagin’s congruence condition applies to all
primes prime to the discriminant of K/Q). However, a careful reading of
[14] Section 4 (which is another work that uses the congruence conditions)
indicates that one does not need a congruence relation for every prime, and
in fact, it is probably enough that it holds for inert primes. Adding the
condition p ≡ 1 is probably fine, too.
Either way, we can claim that {Pa+τ
c
} satisfies enough relations to be an
Euler system.
5. Appendix
Our description of the action of the Galois groups on Pτ in Section 3 is
not necessarily efficient for practical computation. In this section, we apply
Koo, Shin, and Yoon’s work ([10] Section 4, [11] Section 2) on the action of
the Galois groups of class field extensions on the singular values of modular
functions to obtain formulas which may be more readily useful in practice.
Following [10], when K is an imaginary quadratic field of discriminant
dK , let
θ =
{ √
dK/2 if dK ≡ 0 (mod 4)
(−1 +√dK)/2 if dK ≡ 1 (mod 4).
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We let FN be the extension of the function field Q(j(τ)) generated by the
Fricke functions indexed by r ∈ 1NZ2/Z2 (see [10] Section 4). By the theory
of modular functions, it is known that FN is the set of all functions in
C(X(N)) whose Fourier coefficients are in Q(ζN ), F1 is simply Q(j(τ)), and
Gal(FN/F1) ∼= GL2(Z/NZ)/{±I2} ∼= GN · SL2(Z/NZ)/{±I2}
where
GN =
{[
1 0
0 d
] ∣∣∣∣ d ∈ (Z/NZ)∗
}
.
We note b(τ), c(τ) ∈ FN ([5]).
The action of Gal(FN/F1) on FN can be made explicit through GL2(Z/NZ)/{±I2} ∼=
GN · SL2(Z/NZ)/{±I2} as follows ([11] Section 2):
[
1 0
0 d
]
∈ GN acts on
FN by
∑
n>>−∞
cnq
n
N
τ 7→
∑
n>>−∞
cσdn q
n
N
τ
where σd ∈ Gal(Q(ζN )/Q) is given by ζσdN = ζdN .
And, γ ∈ SL2(Z/NZ)/{±I2} acts on h ∈ FN by
hγ(τ) = h(γ˜τ)
where γ˜ ∈ SL2(Z) is a lifting of γ.
Following the notation of [10], we let H and K(N) be the Hilbert class
field, and the ray class field modulo NOK of K respectively. (Note that
K(N) is LOK ,N in our earlier notation.) The action of Gal(K(N)/H) is given
explicitly through the singular values of FN as follows ([10] Section 2): Let
min(θ,Q) = x2 +Bθx+ Cθ ∈ Z[x], and let
WN,θ =
{[
t−Bθs −Cθs
s t
]
∈ GL2(Z/NZ) : t, s ∈ Z/NZ
}
.
By [10] Proposition 4.1, we can identify K(N) with the field
K(h(θ) | h ∈ FN is defined and finite at θ).
Koo, Shin, and Yoon identify Gal(K(N)/H) with the image of WN,θ by the
following surjection:
Proposition 5.1 ([10] Proposition 4.2).
WN,θ → Gal(K(N)/H))
α 7→ (h(θ) 7→ hα(θ))
If dK ≤ −7, then its kernel is {±I2}. By applying this to b(τ) and c(τ),
we can compute the action of Gal(K(N)/H) on Pτ . (The computational
advantage is that we only need to know WN,θ.)
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The action of Gal(H/K) (and by extension, the action of Gal(K(N)/K))
is given as follows ([10] Proposition 4.3). Let C(dK) the form class group
of discriminant dK , which is the set of primitive positive definite quadratic
forms aX2+bXY +cY 2 ∈ Z[X,Y ] under a proper equivalence relation. (See
[10] p.351 for an explicit classification of the elements of C(dK).) We note
that C(dK) ∼= Gal(H/K) ([4] Theorem 7.7).
For a reduced quadratic form Q = aX2 + bXY + cY 2 of discQ = dK , we
set
θQ = (−b+
√
dK)/2a,
and set βQ = (βp)p ∈
∏
pGL2(Zp) (where p runs over all primes) for βp given
in [10] p.351-352.
Proposition 5.2 ([10] Proposition 4.3). Assume dK ≤ −7 and N ≥ 1.
(Note that by this assumption, WN,θ/{±I2} ∼= Gal(K(N)/H).) Then, we
have a bijective map
WN,θ/{±I2} × C(dK) → Gal(K(N)/K)
(α,Q) 7→
(
h(θ) 7→ hαβQ(θQ)
)
As [10] notes, there is β ∈ GL+2 (Q) ∩M2(Z) with β ≡ βp (mod NZp) for
all primes p dividing N , and the action of βQ is understood to be that of β.
The bijection in Proposition 5.2 is not a group isomorphism (but the map
in Proposition 5.1 is a group homomorphism), but from the computational
perspective, it should not matter.
This bijection gives a computational description of the action of Gal(K(N)/K)
on our functions b(τ), c(τ) when τ = θ. [10] does not explicitly say much
when τ is not θ, but its authors told us that their result can be generalized
to any τ ∈ K. In such a case, the action will be that of Gal(LOn,N/K) where
On is the order of K acting on Λτ , which is compatible with our work.
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